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Multi-State Dark Matter from Spherical Extra Dimensions 

Peter T. Winslow,i'2,[*] Kris Sigurdson,i'[t] and John N. Ng^^j^ 

^Department of Physics and Astronomy, University of British Columbia, Vancouver, BC, V6T IZl, Canada 
^Theory Group, TRIUMF, 4OO4 Wesbrook Mall, Vancouver, BC, V6T 2A3, Canada 

We demonstrate a new model which uses an ADD type braneworld scenario to produce a 
multi-state theory of dark matter. Compactification of the extra dimensions onto a sphere leads 
to the association of a single complex scalar in the bulk with multiple Kaluza-Klein towers in an 
effective four-dimensional theory. A mutually interacting multi-state theory of dark matter arises 
naturally within which the dark matter states are identified with the lightest Kaluza-Klein particles 
of fixed magnetic quantum number. These states are protected from decay by a combination of a 
global C/(l) symmetry and the continuous rotational symmetry about the polar axis of the spherical 
geometry. We briefly discuss the relic abundance calculation and investigate the spin-independent 
elastic scattering off nucleons of the lightest and next-to-lightest dark matter states. 



I. INTRODUCTION 

The standard model (SM) of particle physics, while 
describing the results of collider experiments with un- 
precedented precision, lacks a suitable candidate for dark 
matter. This is a problem that deserves urgent attention, 
as cosmological observations have both measured the en- 
ergy density of atoms and all other SM particles to be 
^SM^^ — 0.02, and shown that a new type of non-SM 
dark matter contributes ildh? ~ 0.11 to the density of the 
Universe |Tj. Corroborating evidence from astrophysics 
and structure formation suggests that dark matter, what- 
ever it is, appears like non-relativistic cold dark matter 
(CDM) particles interacting at most weakly with SM par- 
ticles (see, e.g., Refs. [SHS] or, e.g., Ref. [6] for a peda- 
gogical review). 

Most of the theoretical focus to date has been on min- 
imal dark matter theories containing a single new sta- 
ble elementary particle. However, while this is a rea- 
sonable conservative assumption, this need not be the 
case. Furthermore, anomalies such as recent cosmic ray 
results (THH] and long-observed annual modulation by the 
DAMA experiment [T0| have sparked theoretical interest 
in a non-minimal dark sector. It is worth investigating 
the possibility that the dark sector might not be so sim- 
ple and may, in reality, be better described by a multi- 
particle set up (see, e.g., Refs. pd1[T2]). 

Extra dimensional models have been studied exten- 
sively as a possibility for new physics in both particle 
physics and cosmology. Interest in these models has been 
fueled by, amongst other things, their ability to accom- 
modate Higgsless electroweak symmetry breaking p!51[Ti] 
and provide potential solutions to the hierarchy problem 
In particular, the universal extra dimensional 



(UED) model has been a subject of intense investiga- 
tion recently because it can easily provide a dark mat- 
ter candidate pT| - E5] . This model, originally proposed 
in Ref. [24j, is so named because all particles are al- 
lowed to propagate in the bulk and have universal ac- 
cess to all compact dimensions P?l. This is in contrast 
to both Arkani-Hamed-Dimopoulos-Dvali (ADD) type 
models where all standard model fields are restricted to 
a brane [15] or models in which only some of the standard 
model fields can access the compact dimensions [551 US] ■ 
A key issue when constructing a particle theory of dark 
matter is its stability on cosmological timescales. In the 
case of the UED models a vestigial discrete translation 
invariance, known as Kaluza-Klein (KK) parity, ensures 
stability of the lightest KK particle (LKP) to all orders 
in perturbation theory. 

In this paper we discuss a theory containing many 
scalar dark matter states that originate from a sin- 
gle complex scalar in the factorized spacetime, M4 x 
5^. This spherical compactification, with associated 
spherical-harmonic eigenf unctions labeled by quantum 
numbers £ and to, naturally organizes the associated four- 
dimensional KK states, x™, into towers of definite to, 
with Xy^, being the lightest state in each tower. These 
lightest KK particles are nominally stable due to the 
residual rotational symmetry about the polar axis of the 
extra dimensional geometry and an imposed global C/(l) 
symmetryF This set of stable KK particles (SKPs) then 
comprises the set of dark matter states in the theory. 

Since this type of compactification does not allow for 
a chiral zero-mode fermion in the four-dimensional (4D) 
effective spectrum 27, 28], we restrict ourselves to a non- 
universal extra dimensional scenario. For simplicity, we 
also restrict the entire standard model field content, not 
just the fermions, to the brane on 5^. As the position of 
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^ Stable on cosmologically-intcresting timescales. While gravita- 
tional decay may occur we imagine here an effective theory with 
stabilized extra-dimensions and very massive shape moduli. 



the standard model brane on S'^ is completely arbitrary 
we can choose our coordinates such that it resides at the 
north polejj While the location of the brane breaks some 
of the spherical rotational symmetry, rotations about the 
polar axis are preserved. Although we discuss here the 
simplest spherical case, we expect similar results will hold 
for any manifold which preserves a continuous isometry 
of the extra dimensional ground state metric. 

In Section |ll] we describe the formalism of a complex 
scalar field on the M4 x S'^ spacetime while Section III 
discusses the instability of the excited KK particles and 
the stability of the SKPs within our effective framework. 



In Section IV we briefly describe the relic abundances of 
the corresponding SKPs and in section |V] we investigate 
the spin-independent nucleon scattering related to rele- 
vant direct-detection experiments. We make some final 
statements and discuss our conclusions in Section IVll 



II. FORMALISM 



dimensions. If we demand that the effective theory be 
renormalizable then, due to its gauge representation, the 
scalar is only allowed to interact with the standard model 
via a quadratic coupling to the Higgs on the brane [5^ . 
Since this interaction involves two spin zero bosons it 
necessarily modifies the Higgs potential. However, by 
demanding the correct sign for the interaction term, the 
standard model vacuum structure is left unchanged. This 
leads to the brane Lagrangian 
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where Csm is the standard model Lagrangian and 32 is 
the 6D brane coupling with mass dimension -2. Solving 
the free field equations in the bulk yields the harmonic 
decomposition of the scalar 
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We imagine a model where it is reasonable to approx- 
imate the extra dimensional geometry as S"^ below some 
ultraviolet scale where the extra-dimensional geometry 
is stabilized. While in this work we assume an effective 
framework where the extra dimensional geometry is sta- 
bilized, there has been considerable interest in possible 
mechanisms for stabilization in the literature (See, e.g., 
Refs. [M3I])- 

We start by introducing the propagating complex 
scalar field, x(a;,6', </>), onto the six dimensional (6D) 
spacetime, M4 x 5^, while the standard model fields are 
confined to a 3-1-1 brane at the north pole of the extra 
dimensions. The entire 6D Lagrangian is then written as 
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where the Dirac delta function serves to localize the field 
content of Csrane to the north pole. The scalar field is 
assumed to be a singlet under the standard model gauge 
group but does have a global C/(l) symmetry associated 
with it both on and off the brane. The bulk Lagrangian 
is 
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where A,B — (0,1,2,3,4,5), uib is the 6D bulk mass, 
and the bulk coupling gi has mass dimension -2 in 6D. 
The metric, Gab, is the 6D ground state metric for the 
M4 X S'^ spacetime whose line element is 



ds = Vf^i^dx'^dx'' - R^ 



2 + sin^ ed<j)^) (3) 

where r/^^ is the 4D Minkowski metric with signature 
(1, —1, —1, —1) and R is the (constant) radius of the extra 



^ We imagine here that the ultraviolet physics fixing the brane at 
the pole renders branon fluctuations very massive. 



where the xT fields are the 4D KK states. The factor 
of R~^ is the necessary normalization to ensure that the 
KK states have the proper mass dimension for a scalar 
field in the 4D effective theory. As the sphere has no 
boundary, the boundary conditions are all trivially satis- 
fied. Integrating over S'^ and using the orthogonality of 
the spherical harmonics we determine the total 4D effec- 
tive bulk Lagrangian to be 
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where m = mi -\- 1713 + m and g^ = - — r-^ is the (dimen- 

sionless) effective 4D bulk coupling for the scalar 4 point 
self interaction in the bulk. The free term implies the ex- 
istence of a large mass degeneracy for the KK states. For 
each value of ^, there exists 2£-|-l distinct KK states with 
the same mass, each denoted by the magnetic quantum 
number m which is bounded as —£ < m < £. For each m 
there exists a whole tower of KK states with £ > \m\, and 
a lowest mass state with £ — \m\. The symbol i?™^7^™^ 
is defined as the weighted product of two Wigner 3-j 
symbols 
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The symmetries of the 3-j symbols enforce conserva- 
tion of angular momentum in the extra dimensions and 
impose certain selection rules on the bulk interactions. 
These symbols play a large role in understanding the in- 
stability of excited KK states. Note that, for brevity, we 
have adopted a summation convention such that for each 



pair of indices of the type {mi,£i) appearing in the 4D ef- 
fective theory we assume the presence of a corresponding 
summation operator X]£°=o Sm =-£ unless stated oth- 
erwise. 

The effect of integrating over S^ on the brane is to 
rescale the fields and couplings such that 
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(a)The propagator for the KK states. 



"40 _ /•4Z) 

-Brane ~ '-SM 



1 u^ 
-dnHd'^H - ^ 

2 ^ 2 



H^- 



fiV 



H^ 



92 

2 



H^ + 2vH 



-^*o-^o 

Xii X12 



(8) 



where v — 



is the effective 4D Higgs vacuum ex- 



pectation value (vev), 52 
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is the effective 4D di- 



mensionless brane coupling, and the scalar fields on the 



— 



brane have been rescaled as Xg. = ^(2£j 4- l)x°.. Note 
that the pole localized interaction projects out the non- 
magnetic KK states, {rrii = 0), on the brane while also 
breaking the spherical symmetry so that the total angular 
momentum quantum number, i^, is no longer conserved. 
This non-conservation of total angular momentum on the 
brane generates an infinitely large mass mixing matrix for 
the non-magnetic modes. Since the brane mass, which is 
determined by diagonalizing the mixing matrix, is just a 
small perturbation of the bulk mass relation we can write 
the full 4D effective Lagrangian as 
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(b)The three point interaction for non-magnetic KK states and 
the Higgs on the brane. 
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(c)The four point interaction for non-magnetic KK states and 
Higgs fields on the brane. 
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where 
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The non-magnetic states therefore receive a small mass 
correction due to the electroweak symmetry breaking 
(EWSB) on the brane and the corrections to the eigen- 
states have been neglected since they are suppressed by a 
factor proportional to g2v'^R^. Note that the correction 
from EWSB on the brane reduces the mass degeneracy 
by one so that, for each value of £, there is now only 2t 
degenerate KK states. The Feynm an rul es for t he 4D 
effective theory are shown in Figures |l(a) through l(d)| 



The use of a different set of labels for the quantum 
numbers, {ni,^i) instead of {mi,ii), indicates that there 
is no more implied summation associated with these par- 
ticular values. The only implicit summations that ap- 
pear in the feynman rules are over the (m, £) quantum 
numbers associated with the effective four point self in- 



teraction in Figure f (d) 
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(d)The four point interaction for magnetic and 

non-magnetic KK states in the bulk. Note that 

n = n\ + n^ + m. 

FIG. 1. The feynman rules for the 4D effective theory. 



III. INSTABILITY OF EXCITED KK STATES 

In the present work, we are able to obtain stable 
states directly from the combination of the continuous 
rotational invariance about the polar axis and the 
imposed U{\) symmetry. This method of stabilization 
leads naturally to a multi-state theory of dark matter. 

There are two possible decay modes available to the 
KK states in the non-magnetic tower at the tree level 
given by x°i ^ X^^^ and x°4 ^ X°2^H. The ampli- 
tudes for both of these modes are constant and imply 
that the total decay rate depends directly on the level 
of excitation of the KK states, i.e; the higher the excita- 



tion of the KK states the faster the rate becomes. There 
are no symraetry constraints on the amphtudes, as with 
the self interaction amphtude in the bulk, so the decays 
proceed unhindered as long as the relevant kinematics 
are satisfied. Since the imposed U{1) symmetry prevents 
a decay mode for the lightest non-magnetic KK state, 
Xq, into standard model particles, it constitutes our first 
SKP and lightest dark matter state. 

At first glance, there are also many three-body de- 
cay modes available at the tree level for the magnetic 
states {rrii ^ 0) which are all of the general form x?^ — >■ 

^'i2^^3^U' These decay modes are highly constrained 
by the selection rules imposed by the symmetries of the 
3-j symbols. In particular, the triangle inequalities place 
an upper bound on the ^i quantum number such that 
Ci ^ ^2 + 53+^4- This imposes an upper limit on the 
mass of the decaying particle which prevents it from pro- 
viding enough phase space to satisfy the necessary kine- 
matics. Due to this, all of the decay modes occurring via 
the four point self interaction are in fact forbidden at the 
tree level. However, by considering the 1-loop corrections 
we can allow the excited magnetic states to decay via the 
two processes x? — >■ xLi^ ^-nd Xf ~^ xTn\HH as shown 



in Figures 2(a) and 2(b)| . The labels for the quantum 
numbers of the virtual KK states, (0, £i), were chosen so 
as to imply the summation over all possible states which 
can participate in the loop. 

The total decay rate for a given excited KK state is 
then 
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FIG. 2. The one-loop decay channels which allow for the 
decay of the excited KK states in the bulk. 



excited KK state is insured by the particular symmetry 
of the 3-j symbols that corresponds to the rotational in- 
variance about the polar axis. The SKP of each magnetic 
KK tower is then preserved by the same continuous rota- 
tional symmetry. We conclude that any excited KK state 
will decay, either through tree level or 1-loop processes, 
down to the SKP of its respective tower which is then 
stable. This theory then naturally behaves as a multi- 
state theory of dark matter with the SKPs as the set of 
dark-matter candidates. 
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We have assumed that the theory holds up to some 
mass scale which can be written in the general form 
A^ = Uax(.Uax + 1)/-R'. The x|"| state is the SKP be- 
longing to the same KK tower as the original excited KK 
state Xf • The fact that the SKP in the end state must 
belong to the same KK tower as the original decaying 



IV. DARK MATTER RELIC ABUNDANCE 

In theories where dark-matter is produced ther- 
mally the appropriate Boltzmann equation for number- 
changing processes must be solved to show that the pa- 
rameter space can accomodate a cosmological relic abun- 
dance of 0,(ih? ~ 0.11 to match observations [1 . The 
model discussed here has a four dimensional parameter 
space, (5i, 32: 'tis, i?), corresponding to the effective bulk 
and brane coupling strengths, the bulk mass, and the 
length scale of the extra dimensions. The relic densities 
of the SKPs are determined by solving the set of coupled 



Boltzmann equations given by 
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where Tq is the present temperature of the Universe, g^ ~ 
3.91, and Pco is the critical density of the Universe today. 
The total contribution from all the SKPs is then just 
Vtd — X)ni ^rf,ni • In Figurelslwe show the solution to the 
Boltzmann equations for the first five SKPs. 
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where Mpi is the Planck mass, g*{T) and g^{T) are the 
effective number of density and entropy degrees of free- 
dom in the thermal bath at temperature T, ttiq is the 
mass of the lightest SKP Xg, and x = mo/T is an evo- 
lution variable. The (3,^1^ variables are the number den- 
sity to entropy ratios. The ni index is a vector index 
labelling the different Boltzmann equations and we have 
again made use of the implicit summation convention to 
sum over the 6 quantum numbers associated with /3,„2^2 ' 
Pm^i^, and Pm^ii- These summations insure that we ac- 
count for all possible interactions that the n^-l^ SKP can 
participate in. The coupling terms occur each time the 
summations produce a term which implies a 4 point in- 
teraction in which multiple SKPs are participatory. The 
thermalized cross sections are also dependent on all 7 
quantum numbers via the amplitudes and by defining A 
and A' as 

" 1 if |m3|+4 + |m4|+4-|m2|-£2-2|ni| ^0 
if |TO3|+^3 + |m4|+4-|™2|-£2-2|ni| =0 

(12) 

and 




FIG. 3. The solutions for the first five states of the coupled 
Boltzmann equations that determine the relic abundance, 
along with their corresponding equilibrium values. In this 
case the parameters were chosen so that the n\ ^ G states 
dominate the rehc density. 
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we filter out any non number-changing interactions and 
prevent any over counting. The magnetic SKPs interact 
solely through the four point functions originating in the 
bulk and are governed by the first term only. The non- 
magnetic SKP interacts directly with the Higgs field only 
but can undergo scattering processes with other standard 
model particles via Higgs exchanges. The sum X]sj\/ is 
meant to represent a summation over all possible allowed 
standard model processes, i.e; interactions of the follow- 
ing types xS^X? ^ //, xS°X° ^ ZZ. xS°X? ^ W+W- , 
and Xo°x" ~^ HH . The simultaneous solution of these 
coupled differential equations leads directly to the de- 
sired set of SKP relic densities. The details and param- 
eter dependence of these solutions will appear elsewhere 
[33]. Here, we simply mention that the resulting solu- 
tions confirm that viable regions of the parameter space 
exist. 

The contribution to the total dark-matter density from 
a given SKP is given by 



The solid black lines represent the actual solutions of 
the Boltzmann equation while the dashed blue lines rep- 
resent their corresponding equilibrium abundances. The 
mass parameters and effective couplings here were cho- 
sen so as to maximize the contribution from the mag- 
netic SKPs while minimizing the contribution from the 
non-magnetic SKP. We see that, in this example, only 
the |ni| = 1 SKP state contributes significantly while 
the I nil > 1 SKP states remain significantly suppressed 
despite their enhancement due to the specific choice of 
parameters. 

As will be discussed in Ref. [33!, since it annihilates 
into standard model states, we can increase the contri- 
bution of the lightest SKP with i — \m\ — Q indepen- 
dently from the rest by decreasing the brane coupling. 
The above example then implies that it is typically only 
the two lightest SKPs that yield significant contributions 
to the dark-matter density of the Universe. We therefore 
consider only the two lightest SKPs when investigating 
the consequences for direct detection experiments in the 
next section. 



SPIN-INDEPENDENT NUCLEON 
SCATTERING 
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Dark matter is distributed throughout the halo hosting 
the Milky Way and therefore might scatter off of target 
nuclei within detectors here on Earth as we move through 
the halo (e.g., Ref. [2]). A number of experiments, based 
on identifying nuclear recoil events corresponding to dark 
matter nucleon scattering, are currently in progress. 

We investigate here spin-independent elastic scattering 
of the two lightest SKPs with n ucleo ns. The tw o relevant 
processes are shown in Figures 4(a) and |4(b)] The effec- 
tive Higgs-nucleon Yukawa coupling includes both the 
direct coupling to the light quarks as well as an enhance- 
ment factor due to the introduction of heavy quark loops 
which contribute to the mass of the nucleon through the 
anomaly [351 136) . The relevant microscopic Lagrangian 
for the Higgs-nucleon coupling is given by 
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The nucleonic matrix elements of the light-quark cur- 
rents are obtained in chiral perturbation theory from 
measurements of the pion-nucleon sigma term 
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while the nucleonic matrix elements of the heavy 
quarks are given by [2] 
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The above results imply the effective Higgs-nucleon 
coupling 
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FIG. 4. The effective diagrams contributing to spin- 
independent nucleon elastic scattering for the two lightest 
SKPs. 
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where we employ the following estimates of the pro- 
ton parameters [33 [ 



4^2 = 0.019, /^Pj = 0.041, 



/ts = 0.014 and neutron parameters fj^J = 0.023, 
4"j = 0.034, f^'J = 0.014. 

The total cross section for Xo"-^ scattering is given by 
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where we have assumed a Higgs mass of 150 GeV 



In Figure Im we compare the total cross section for Xq- 
proton scattering with the recently released results from 



the CDMSH collaboration as reported in [3D] . The upper 
(blue) curve shows the combined limit of the full data set 
recorded at Soudan to date. The region above this line 
has been excluded. The lower curve is the total Xp-proton 
cross section for parameters such that the non-magnetic 
SKP dominates the total dark matter relic abundance. 

In this limit the values of the brane coupling ^2 ^nd 
the bulk mass ms are restricted such that the relic abun- 
dance of the non-magnetic SKP satisfies the constraint 
ildh^ = ^d.oh? ~ 0.11. The behaviour of the Xp-proton 
scattering cross section can be understood in view of this 
result. At late times the solution to the single state Boltz- 
mann equation /3oo is inversely proportional to the total 
thermalizcd cross section {av)sM- Although a tempera- 
ture dependent thermalized cross section is possible this 
leads only to slight numerical changes [2] and we can 
therefore take it to be approximately constant. Since 
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{o'v)sM is proportional to the ratio — ^ the relic abun- 
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The total cross section for Xi"-^ scattering is given by 
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FIG. 5. The upper dashed curve (blue) is the current com- 
bined limit from the CDMSII collaboration. The lower solid 
curve (green) shows the scattering cross section of the Xo state 
assuming it has a relic abundance near Qdh^ — 0.11. The Xo 
mass remains unconstrained by the current combined limit 
from the CDMSII collaboration. 
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Due to the fact that Xi"-^ scattering must proceed 
via an extra xl loop factor in the amplitude and the 
fact that the Xi niass has a contribution from the 
compactification radius, the cross section for Xi"-^ 
scattering is considerably lower than that for Xq-A^ 
scattering. Unfortunately, this implies that the existing 
direct detection limits cannot meaningfully constrain 
the Xi niass either. 

For completeness we briefly discuss the possibility of 
inelastic scattering. In this case, the relevant scatter- 
ing processes are Xo-^ ~^ X^^ ^nd Xi-^ — ^ x]^- In 
each case, the final state particle is chosen to be the first 
excited KK state within the respective KK tower in or- 
der to minimize the mass splitting which we denote as 
5 — m^ — TTiDM- In its current minimal form the present 
theory only contains interactions for which the mass split- 
tings are positive. The kinematics restricts the maximum 
recoil energy to be [41] 



dance constraint will associate an approximately con- 
stant value to this ratio and therefore to the Xo-proton 
scattering cross section. 

Note that the decrease in the viable Xo'Pi'oton cross 
section for low values of mo can be understood by virtue 
of the fact that the dominant processes contributing to 
{(^v)sM are mediated by Higgs exchange so the relevant 
amplitudes contain a factor of a Higgs propagator. This 
implies that Q,d ^ fn^is — mfj) l~gi or cto ^ (s — mj^)^. 
In the non-relativistic regime the transfer momentum s 
is proportional to Attiq in the center of mass frame so we 
should expect that when toq ^ ran j'^. the virtual Higgs 
goes on-shell and we need to employ the Breit-Wigner 
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where F^ is the total Higgs width. Within the region 
where the Higgs is approximately on shell, mo ~ 75 GeV, 
we should then expect a decrease in the Xo"Proton scat- 
tering cross section. 

The relic abundance constraint also prevents the 
brane coupling from taking on exceedingly low values as 
the bulk mass is lowered down, e.g., when tub = the 
brane coupling is constrained such that the minimum 
mass value for the non-magnetic SKP is ttiq — 60 GeV. 
This then explains the subsequent increase and eventual 
abrupt termination of the Xo"Proton cross section for 
low values of m-o after the Higgs goes back off shell. The 
end result is that the combined limit from the recently 
released CDMSII results cannot meaningfully constrain 
the non-magnetic SKP mass. 



En 



Ml 

Mn 



fllU 



Ulu^ 



2/ii(5'u2 



(21) 



where Mn is the mass of the nucleus, u is the incom- 
ing dark matter velocity, and fii is the reduced mass 
of the nucleus and the incoming dark matter fj,i = 
moMMis! / {niDM + Mf^). This restriction constrains the 
mass splittings such that S < /iiu^/2. Since typical 
bounds on the mass splittings from the various direct de- 
tection experiments tend to be ^ 0(10) keV this implies 
that the inelastic scattering processes are only physically 
relevant in the large R limit. In this limit the total cross 
sections for the two processes listed above are given re- 
spectively by 



CTo = 
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(2A(5(mjv 4- E 
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R^nii. 
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(22) 



1) 



(23) 



where pdm and Eom are the incoming dark matter 
momentum and energy respectively and 



A = 



(m^ + mDAi) 



2m 



N 



(24) 



As a final remark, we attempt to answer the question: 
how might we know if there is more than one type of 
dark matter particle? Suppose we are able to measure 
the Xg-iV cross section to obtain the value of the brane 
coupling as well as the Xo mass. We can then calculate 
the relic density for Xo and compare this value with the 
WMAP observation. If the value comes up short we can 
interpret this as a signal that there exists at least one 
other dark matter state whose scattering cross section 
with the corresponding nucleon is suppressed by various 
loop factors and a higher mass but it, nonetheless, makes 
a significant contribution to the total dark matter relic 
abundance. 



state in each tower was then naturally stabilized by the 
combination of an imposed C/(l) symmetry and a subset 
of the continuous spherical symmetry of the extra di- 
mensions (though much of the formalism we discuss here 
would remain true even if these states were meta-stable 
on cosmological timescales). We have also shown that vi- 
able regions of the parameter space exist that can readily 
produce the observed dark-matter relic abundance |33) . 
This model remains unconstrained after comparison of 
the spin-independent Xg-proton cross section with recent 
direct detection data. The most important aspect of this 
paper is that the multi-state nature of the dark matter is 
a direct and natural consequence of the continuous com- 
pactification geometry. 
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